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GLOBAL SOLVABILITY OF COMPRESSIBLE-INCOMPRESSIBLE
TWO-PHASE FLOWS WITH PHASE TRANSITIONS
IN BOUNDED DOMAINS
KEIICHI WATANABE
Abstract. Consider a free boundary problem of compressible-incompressible two-phase flows
with surface tension and phase transition in bounded domains Ωt+,Ωt− ⊂ RN where the domains
are separated by a sharp compact interface Γt ⊂ RN−1. We prove a global in time unique
existence theorem for such free boundary problem under the assumption that the initial data are
near the equilibrium and initial domains are bounded. In particular, we obtain the solution in the
maximal Lp-Lq regularity class with 2 < p <∞ and N < q <∞ and exponential stability of the
corresponding analytic semigroup on the infinite time interval.
1. Introduction
The purpose of this paper is to prove the global solvability of the free boundary problem of
compressible-incompressible two-phase flows in bounded domains. Two fluids are separated by
a free boundary Γt and a surface tension and phase transitions are taken into account. Our problem
is formulated as follows: Let Ω be a ball with radius R+R′ in N -dimensional Euclidean space RN
with boundary either ΓI or ΓII. The sharp interface Γt separates Ω into Ωt+ and Ωt− (t ≥ 0), where
Ωt+ denotes the domain of compressible fluid and Ωt− denotes the domain of incompressible fluid.
We assume that dist (Γt,Γ±) ∈ (0,∞), Ωt+ ∩ Ωt− = ∅, Ω\Γt = Ωt+ ∪ Ωt−. For any function f
defined on Ωt±, we write f± = f |Ωt± . Then our problem is described by the following system:
∂t̺+ + div (̺+v+) = 0 in Ωt+ × (0, T ),
̺+(∂tv+ + v+ · ∇v+)−DivT+ = 0 in Ωt+ × (0, T ),
div v− = 0 in Ωt− × (0, T ),
̺−(∂tv− + v− · ∇v−)−DivT− = 0 in Ωt− × (0, T )
(1.1)
with the interface conditions on Γt × (0, T ):
VΓt = vΓt · nt =
J̺vK · ntJ̺K ,
JvK = s1
̺
{
nt, JvK − JTKnt = −σHΓtnt,
JψK + 2
2
s
1
̺2
{
−
s
1
̺
(Tnt · nt)
{
= 0,
(∇̺+) · nt|+ = 0,
(1.2)
and the boundary conditions on ΓI and ΓII:
(1.3)
v+ = 0, ∇̺+ · ω+ = 0 on ΓI × (0, T ),
v− = 0 on ΓII × (0, T ),
and the initial conditions:
(1.4)
(̺+,v+)|t=0 = (ρ∗+ + ̺0+,v0+) in Ω0+,
v−|t=0 = v0− in Ω0−
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with 0 < T ≤ ∞. In our model, the Navier-Stokes-Korteweg equations and Navier-Stokes equations
are used to describe the motion of the compressible fluid and incompressible fluid, respectively.
Namely, the stress tensor fields T± are defined by
T+ =µ+D(v+) + (ν+ − µ+)div v+I− p+I
+
(
κ+ + ̺+κ
′
+
2
|∇̺+|
2 + κ+̺+∆̺+
)
I− κ+∇̺+ ⊗∇̺+,
T− =µ−D(v−)− p−I.
In the system, ̺± are the densities, v± the velocity fields, p± the pressure fields, ψ± the Helmholtz
free energy functions, and ρ∗+ is some positive constant, HΓt the (N − 1)-times mean curvature of
Γt, σ a positive constant describing the coefficient of the surface tension, Vt the velocity of evolution
of Γt with respect to nt, vΓt the interfacial velocity, nt the unit outer normal to Γt pointed from
Ωt+ to Ωt−, and ω+ the unit outer normal to ΓI. In addition, for x0 ∈ Γt the quantity of f across Γt
is defined by JfK(x0, t) = f(x, t)|−−f(x, t)|+, where the function f(x, t) is defined on x ∈ Ωt+∪Ωt−
and f(x, t)|± (x ∈ Ωt±) denote
f(x, t)|± = limx→x0
x∈Ωt±
f(x, t).
Pru¨ss et al. [3, 4, 5, 6, 7] and Shimizu and Yagi [11, 12] studied the thermodynamically correct
model of the incompressible and incompressible two-phase flows with phase transitions. In partic-
ular, Pru¨ss, Shimizu, and Wilke [4] proved the stability of the equilibria of the problem. On the
other had, the compressible and incompressible two-phase flows with phase transitions was studied
by Shibata [8]. However, his result includes the derivative loss in the nonlinear term with respect
to ̺+ due to the kinetic equation: vΓt · nt = J̺vK · nt/J̺K. Namely, we can not prove the local
solvability of the problem based on his result. To overcome this difficulty, the new model using the
Navier-Stokes-Korteweg equations was proposed by the author [14]. The new model is an extension
of the Navier-Stokes-Fourier equations, and the physical consistency was discussed in the previ-
ous paper [14], see also [15]. The local solvability of the problem was also showed in the previous
paper [15]. For further historical review, the readers may consult the introduction in [14, 15].
The difference between our model and the Navier-Stokes-Fourier equations is that we add the
Korteweg tensor and interface condition ∇̺+ · ω|+ = 0. The condition ∇̺+ · ω|+ = 0 guarantees
the generalized Gibbs-Thomson law and Stefan law and also means that the interstitial working
(κ+̺+div v+)∇̺+ does not work in the normal direction of the interface. Notice that our model is
thermodynamically consistent model, see Watanabe [14, Section 2].
The goal of this paper is to show the global existence of unique strong solution to the free
boundary problem (1.1)–(1.4) in bounded regions. To this end, we first transform the free boundary
problem to a fixed boundary system. Let B±R be the domains transformed from Ωt± by the Hanzawa
transform we explain below. In this paper, we consider the following two types of problem:
(I) The case: ΓI = ∅ and ΓII = SR+R′ ,
(II) The case: ΓI = SR+R′ and ΓII = ∅.
Here, SR+R′ is defined by SR+R′ := {x ∈ RN | |x| = R+ R′}. We call the problem (I) Type I and
the problem (II) Type II. Notice that we do not consider the boundary condition if the boundary is
an empty set. Before explaining the fixed boundary system, we introduce some assumptions.
Assumption 1.1. Let B+R and B
−
R be domains occupied by the compressible and incompressible
fluid, respectively. In addition, let SR be hypersurface, which separate Ω into B
+
R and B
−
R . Define
SR := {x ∈ RN | |x| = R} and BR := {x ∈ RN | |x| < R}. We then assume that
(A1) B±R are either BR or Ω\(BR ∪ SR).
(A2) B+R = BR and B
−
R = Ω\(BR ∪ SR) for Type I; B
−
R = BR and B
+
R = Ω\(BR ∪ SR) for Type
II.
(A3) The barycenter of B−R is origin, that is,∫
B−R
xdx = 0.
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(A4) Γ is a normal perturbation of SR, that is,
Γ = {x = y + h0(y)(y/|y|) | y ∈ SR} = {x = (1 +R
−1h0(y))y | y ∈ SR},
where h0 is some given small function defined on SR.
(A5) There exist positive constants π∗± such that
ψ−(ρ∗−)−
(
ψ+(ρ∗+, 0) + ∂ρ+ψ+(ρ∗+, 0)̺+|+
)
=
π∗−
ρ∗−
−
π∗+
ρ∗+
,
π∗− − π∗+ =
σ(N − 1)
R
,
which denotes the modified Gibbs-Thomson condition and the Young-Laplace law, respec-
tively.
(A6) The coefficients µ+, ν+, and κ+ satisfy(
µ+ + ν+
2ρ2∗+κ+
)2
6=
1
ρ∗+κ+
, ρ3∗+κ+ 6= µ+ν+, ν+ >
N − 2
N
µ+.
Let the free boundary Γt be given by
(1.5) Γt = {x = y + h(y, t)(y/|y|) + ξ(t) | y ∈ SR} = {x = (1 +R
−1h(y, t))y + ξ(t) | y ∈ SR},
where h(y, t) is an unknown height function with h(y, 0) = h0(y) for y ∈ SR and ξ(t) is the barycenter
of the domain Ωt− defined by
ξ(t) =
1
|B−R |
∫
Ωt−
xdx,
which is also unknown function. Here, |D| denotes the Lebesgue measure of a Lebesgue measure set
D ⊂ RN . To solve the eigenvalue problem for ∆SR we have to consider the barycenter of the domain
of the incompressible fluid, see Shibata [9]. Note that by the assumption (A3) we have ξ(0) = 0. In
addition, from the Reynolds transport theorem we see that
ξ′(t) =
1
|B−R |
∫
Ωt−
v−(x, t) dx.(1.6)
For given function h(y, t), let Hh(y, t) be a solution to the following Dirichlet problem:
(1−∆)Hh = 0 in BR, Hh = h on SR.(1.7)
We then introduce the Hanzawa transform centered at ξ(t) defined by
x = Hh,ξ(y, t) := (1 +R
−1Hh(y, t))y + ξ(t) for y ∈ BR.(1.8)
Furthermore, let Hh0(y) be a solution to the Dirichlet problem:
(1 −∆)Hh0 = 0 in BR, Hh0 = h0 on SR.
From this viewpoint, we set Hh0,ξ(y) := (1 + R
−1Hh0(y))y for y ∈ BR because ξ(0) = 0. In the
sequel, we may assume that
‖Hh(·, t)‖W 1∞(BR) ≤ ε0 for any t ∈ [0, T ).(1.9)
Taking ε0 suitably small such that ε0 ∈ (0, 1/4), the Hanzawa transform is a bijection mapping from
BR onto Ωt, where we have set
Ωt± = {x = y ± (R
−1Hh(y, t)y + ξ(t)) | y ∈ B
±
R}.(1.10)
In fact, from |Hh(y, t)−Hh(z, t)| ≤ ‖∇Hh(·, t)‖L∞(B±R )
|y − z| we obtain
|Hh,ξ(y, t)−Hh,ξ(z, t)| ≥ (1 − 2ε0)|y − z| ≥
1
2
|y − z|
for any y, z ∈ B±R . Hence, in the following, we will choose ε0 so small that our main results hold
with some sufficient conditions.
Using the Hanzawa transform, which we explain above, we consider the fixed-boundary problem
instead of the free boundary problem. To this end, we now introduce some symbols. We first set
ρ0+ = ̺0+ ◦Hh0,ξ, u0± = v0± ◦Hh0,ξ,(1.11)
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where ̺0+ and v0± are initial data (1.4). For functions ̺+, v±, and p− satisfying Eqs. (1.1) and
(1.2), we set
ρ+(y, t) = ̺+ ◦Hh,ξ, u±(y, t) = v± ◦Hh,ξ, π−(y, t) = p− ◦Hh,ξ −
σ(N − 1)
R
.(1.12)
Then, by the Hanzawa transform, Eqs. (1.1), (1.2), (1.3), and (1.4) are transformed to the following
fixed boundary problem:

∂tρ+ + ρ∗+divu+ = fρ(ρ+,u+, h) in B
+
R × (0, T ),
ρ∗−divu− = fd(u−, h) = ρ∗−divFd(u−, h) in B
−
R × (0, T ),
ρ∗+∂tu+ −Div {µ+D(u+) + (ν+ − µ+)divu+I
+(−γ∗+ + ρ∗+κ+∆)ρ+I} = f+(ρ+,u+, h) in B
+
R × (0, T ),
ρ∗−∂tu− −Div {µ−D(u−)− π−I} = f−(u−, h) in B
−
R × (0, T ),
∂th−
〈ρ∗−u−, ω〉|− − 〈ρ∗+u+, ω〉|+
ρ∗− − ρ∗+
= d(ρ+,u+,u−, h) on SR × (0, T ),
Π0(µ−D(u−)ω)|− −Π0(µ+D(u+)ω)|+ = g(ρ+,u+,u−, h) on SR × (0, T ),
{〈D(u−)ω, ω〉 − π−}|−
−{〈µ+D(u+)ω, ω〉+ (ν+ − µ+)div u+
+(−γ∗+ + ρ∗+κ+∆)ρ+}|+ − σBh = fa(ρ+,u+,u−, h) on SR × (0, T ),
1
ρ∗−
〈{µ−D(u−)− π−I}ω, ω〉
∣∣∣
−
−
{ 1
ρ∗+
〈{µ+D(u+) + (ν+ − µ+)divu+I
+(−γ∗+ + ρ∗+κ+∆)ρ+I}ω, ω〉
}∣∣∣
+
= fb(ρ+,u+,u−, h) on SR × (0, T ),
Π0u−|− −Π0u+|+ = h(u+,u−, h) on SR × (0, T ),
〈∇ρ+, ω〉|+ = 0 on SR × (0, T ),
u+ = 0, 〈∇ρ+, ω+〉 = 0 on ΓI × (0, T ),
u− = 0 on ΓII × (0, T ),
(ρ+,u+,u−, h)|t=0 = (ρ0+,u0+,u0−, h0) on IR
(1.13)
for T ∈ (0,∞], where γ∗+ = π′+(ρ∗+) > 0, ω = y/|y| ∈ S1, IR = B
+
R × B
+
R × B
−
R × SR, B =
〈∆SRω, ω〉+∆SR , and ∆SR denotes the Laplace-Beltrami operator on SR. The boundary S
±
R exists
and its condition holds for type i (i = I, II), respectively.
Remark 1.2. (1) Setting Ψ = R−1Hh(y, t)y+ ξ(t), the nonlinear terms can be seen in the previous
paper [15, Section 3] so that we omit the representation of the nonlinear terms. Since we apply not
the Gibbs-Thomson condition but modified Gibbs-Thomson condition, the eighth equation in (1.13)
is different from the previous paper [15, Section 3]. Namely, the lower order term ∂ρψ+(ρ∗+, 0)ρ+
does not appear in the right-hand side of the eighth equation in (1.13).
(2) Generally, the assumption γ∗+ > 0 does not hold because the Helmholtz free energy ψ+ is not
monotone with respect ot density ̺+ in the Navier-Stokes-Korteweg flows. We, however, consider
near the equibalium that γ∗+ > 0 holds in this paper.
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Before stating our main results, we first explain compatibility conditions for h0. The assump-
tions (A2) and (A3) imply the following conditions for h0: for Type I
{(R+R′)N −RN}ωN
N
=
∫
B−R
dx
=
(R+R′)NωN
N
−
∫
B+R
dx
=
(R+R′)NωN
N
−
∫
|ω|=1
∫ R+h0(Rω)
0
rN−1 dr dω
=
(R+R′)NωN
N
−
∫
|ω|=1
(R+ h0(Rω))
N
N
dω,
0 =
∫
B−R
xi dx =
∫
|ω|=1
∫ R+R′
R+h0(Rω)
ωir
N dr dω
=
∫
|ω|=1
(R+R′)N+1 − (R+ h0(Rω))N+1
N + 1
ωi dω
where i denote i = 1, . . . , N ; for Type II
RNωN
N
=
∫
B−R
dx =
∫
|ω|=1
∫ R+h0(Rω)
0
rN−1 dr dω =
∫
|ω|=1
(R + h0(Rω))
N
N
dω,
0 =
∫
B−R
xi dx =
∫
|ω|=1
∫ R+h0(Rω)
0
ωir
N dr dω =
∫
|ω|=1
(R+ h0(Rω))
N+1
N + 1
ωi dω (i = 1, . . . , N).
Since
∫
S1
dω = ωN and
∫
S1
ωi dω = 0, the compatibility conditions for h0 is as follows:
N∑
k=1
(
N
k
)∫
SR
(R−1h0(y))
k dτ = 0,
N+1∑
k=1
(
N + 1
k
)∫
SR
yi(R
−1h0(y))
k dτ = 0,
(1.14)
where dτ denotes the area element of SR and we have set(
N
k
)
=
N !
k!(N − k)!
,
(
N + 1
k
)
=
N !
k!(N + 1− k)!
, m! = 1 · 2 · · · ·m (m ≥ 1), 0! = 1.
Note that the compatibility conditions for h0 have no difference between type I and type II.
We know that Bxi = 0 on SR for i = 1, . . . , N . In fact, it is wildly known that ∆ is denoted by
∆ =
∂2
∂R2
+ (N − 1)
1
R
∂
∂R
+
1
R2
∆SR ,
where xi = Rωi for i = 1, . . . , N . We then see that
0 = ∆x =
(
∂2
∂R2
+ (N − 1)
1
R
∂
∂R
+
1
R2
∆SR
)
Rωi =
1
R2
(
(N − 1) + ∆SR
)
ωi = Bωi.
From this view point, we set ϕ1 = |SR|−1 and introduce the functions ϕi for i = 2, . . . , N +1, which
are some linear combinations of x1, . . . , xN such that (ϕi, ϕj)SR = 0 for i, j = 1, . . . , N + 1. Since
we have (ϕ1, ϕi)SR = 0 for i = 2, . . . , N + 1, the sequence {ϕj}
N+1
j=1 is the orthogonal subspace of
{ψ | Bψ = 0 on SR} ∪ C with respect to the inner product in L2(SR).
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For simplicity of notation, we introduce boundary operators BI and BII such that
BI(ρ+,u+,u−, π−, h) =

Π0(µ−D(u−)ω)|− −Π0(µ+D(u+)ω)|+
B1(ρ+,u+,u−, π−, h)
B2(ρ+,u+,u−, π−, h)
Π0u−|− −Π0u+|+
〈∇ρ+, ω〉|+
u−|S−R
 ,
BII(ρ+,u+,u−, π−, h) =

Π0(µ−D(u−)ω)|− −Π0(µ+D(u+)ω)|+
B1(ρ+,u+,u−, π−, h)
B2(ρ+,u+,u−, π−, h)
Π0u−|− −Π0u+|+
〈∇ρ+, ω〉|+
u+|S+R
〈∇ρ+, ω+〉|S+R

,
where we have set
B1(ρ+,u+,u−, π−, h)
= {〈D(u−)ω, ω〉 − π−}|− − {〈µ+D(u+)ω, ω〉+ (ν+ − µ+)div u+ + (−γ∗+ + ρ∗+κ+∆)ρ+}|+
− σBh,
B2(ρ+,u+,u−, π−, h)
=
1
ρ∗−
〈{µ−D(u−)− π−I}ω, ω〉
∣∣∣
−
−
{ 1
ρ∗+
〈{µ+D(u+) + (ν+ − µ+)divu+I+ (−γ∗+ + ρ∗+κ+∆)ρ+I}ω, ω〉
}∣∣∣
+
.
We then can write the Eq. (1.13) as
∂tρ+ + ρ∗+divu+ = fρ(ρ+,u+, h) in B
+
R × (0,∞),
ρ∗−divu− = fd(u−, h) = ρ∗−divFd(u−, h) in B
−
R × (0,∞),
ρ∗+∂tu+ −Div {µ+D(u+) + (ν+ − µ+)divu+I
+(−γ∗+ + ρ∗+κ+∆)ρ+I} = f+(ρ+,u+, h) in B
+
R × (0,∞),
ρ∗−∂tu− −Div {µ−D(u−)− π−I} = f−(u−, h) in B
−
R × (0,∞),
∂th−
〈ρ∗−u−, ω〉|− − 〈ρ∗+u+, ω〉|+
ρ∗− − ρ∗+
= d(ρ+,u+,u−, h) on SR × (0,∞),
Bi(ρ+,u+,u−, π−, h) = Gi(ρ+,u+,u−, h) on S
i
R × (0,∞),
(ρ+,u+,u−, h)|t=0 = (ρ0+,u0+,u0−, h0) on IR,
(1.15)
for i = I, II, where we have set
Gi(ρ+,u+,u−, π−, h) =
{
⊤(g, fa, fb,h, 0, 0, 0) for i = I,
⊤(g, fa, fb,h, 0, 0) for i = II,
SiR =
{
(SR)
5 × (ΓII)2 for i = I,
(SR)
5 × ΓI for i = II.
In addition, let
Sp,q(a, b) =
 (ρ+,u+,u−, π−, h)
∣∣∣∣∣∣∣∣
ρ+ ∈ Lp((a, b),W 3q (B
+
R )) ∩W
1
p ((a, b),W
1
q (B
+
R )),
u± ∈ Lp((a, b),W 2q (B
±
R )
N ) ∩W 1p ((a, b), Lq(B
±
R )
N ),
π− ∈ Lp((a, b),W 1q (B
−
R ) + Wˆ
1
q,0(B
−
R )),
h ∈ Lp((a, b),W
3−1/q
q (SR)) ∩W 1p ((a, b),W
2−1/q
q (SR))
 ,
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which is the solution class of Eq. (1.15). Here and in the following, W 1q (B
−
R ) + Wˆ
1
q,0(B
−
R ) is defined
by
W 1q (B
−
R ) + Wˆ
1
q,0(B
−
R ) = {p1 + p2 | p1 ∈W
1
q (B
−
R ), p2 ∈ Wˆ
1
q,0(B
−
R )},
where we have set
Wˆ 1q,0(B
−
R ) = {θ ∈ Lq,loc(B
−
R ) | ∇θ ∈ Lq(B
−
R )
N , θ|SR = 0}
for q ∈ (1,∞).
Then the main result of this paper is the following.
Theorem 1.3. Let 2 < p < ∞ and N < q < ∞ with 2/p + 1/q < 1. Then there exists a
positive constant ε∗ ∈ (0, 1) such that for any initial data ρ0+ ∈ B
3−2/p
q,p (B
+
R ), u0+ ∈ B
2(1−1/p)
q,p (B
+
R ),
u0− ∈ B
2(1−1/p)
q,p (B
+
R ), h0 ∈ B
3−1/p−1/q
q,p (SR) satisfying the smallness condition:
‖ρ0+‖B3−2/pq,p (B+R)
+ ‖u0+‖B2(1−1/p)q,p (B+R)
+ ‖u0−‖B2(1−1/p)q,p (B−R )
+ ‖h0‖B3−1/p−1/qq,p (SR) ≤ ε∗
and the compatibility conditions:
divu0− = fd(u0−, h0) = divFd(u0−, h0) in B
−
R
and 
Π0(µ−D(u0−)ω)|− −Π0(µ+D(u0+)ω)|+ = g(ρ0+,u0+,u0−, h0) on SR,
Π0u0−|− −Π0u0+|+ = h(ρ0+,u0+,u0−, h0) on SR,
〈∇ρ0+, ω〉|+ = 0 on SR,
〈∇ρ0+, ω+〉 = 0, u0+ = 0 on ΓI,
u0− = 0 on ΓII.
Furthermore, suppose that
(a) Assumption 1.1 holds.
(b) The pressure field π+(ρ+) is C
2 function defined on ρ∗+/3 ≤ ρ+ ≤ 3ρ∗+ such that 0 ≤
π′+(ρ+) ≤ π
∗ with some positive constant π∗ for any ρ∗+/3 ≤ ρ+ ≤ 3ρ∗+.
(c) The Helmholtz free energy ψ+(ρ+, |∇ρ+|2) is C2 function defined on (ρ∗+/3, 3ρ∗+)× (0,∞)
such that 0 ≤ ψ′+(ρ+, |∇ρ+|
2) ≤ ψ∗ with some positive constant ψ∗ for any ρ∗+/3 ≤ ψ+ ≤
3ρ∗+.
Then Eq. (1.15) admit a unique solution (ρ+,u+,u−, π−, h) ∈ Sp,q(0,∞) satisfying the estimate:
‖e−γt∂tρ+‖Lp((0,∞),W 1q (B
+
R))
+ ‖e−γtρ+‖Lp((0,∞),W 3q (B
+
R))
+ ‖e−γt∂tu+‖Lp((0,∞),Lq(B+R))
+ ‖e−γtu+‖Lp((0,∞),W 2q (B
+
R))
+ ‖e−γt∂tu−‖Lp((0,∞),Lq(B−R ))
+ ‖e−γtu−‖Lp((0,∞),W 2q (B
−
R ))
+ ‖e−γt∇π−‖Lp((0,∞),Lq(B−R ))
+ ‖e−γt∂th‖Lp((0,∞),W 2−1/pq (SR)) + ‖e
−γth‖
Lp((0,∞),W
3−1/p
q (SR))
≤ Cε∗
for some positive constants C and γ independent of ε∗.
Remark 1.4. (1) Taking ε0 such that 0 < ε0 < 1/4, the Hanzawa transform Hh,ξ is a bijection
mapping from B±R onto Ωt±. Hence, there exists a unique solution (̺+,v+,v−, p−,Ωt+,Ωt−) satis-
fying (1.1)–(1.4) for any t ∈ (0,∞).
(2) Theorem 1.3 holds for all compact boundary ΓII, although we assume that ΓII is a sphere.
2. Preliminaries
This section is devoted to the presentation of several definitions and theorem needed later on.
We denote the sets of all complex numbers, natural numbers, and real numbers by C, N, and R,
respectively. We set ∂t = ∂/∂t and ∂i = ∂/∂xi (i = 1, . . . , N). For multi-index α = (α1, . . . , αN ) ∈
N ∪ {0}, we write ∂αx f = ∂
α1
1 · · ·∂
αN
N f .
For any scalar field θ, we set ∇θ = (∂1θ, . . . , ∂Nθ). For any N -vectors a = ⊤(a1, . . . , aN ), ∇a is
the N ×N matrix whose (i, j)th component is ∂iaj , D(a) is the deformation tensor whose (j, k)th
components are Djk(a) = ∂jak + ∂kaj , and ∇ · a = div a =
∑N
j=1 ∂jaj is the divergence of a. For
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any N -vectors a and b, we set 〈a,b〉 = a · b =
∑N
j=1 ajbj . Let I be the N × N identity matrix.
For any N × N matrix A with (i, j)th components Aij , the quantity DivA is the N -vectors with
ith component of
∑N
j=1 ∂jAij .
For any domain D ⊂ RN , let Bsq,p(D), Lq(D), and W
m
q (D) be the inhomogeneous Besov spaces,
Lebesgue spaces, and Sobolev spaces on D, respectively, and we define their norms by ‖ · ‖Bsq,p(D),
‖ ·‖Lq(D), and ‖ ·‖Wmq (D), respectively. We denote the standard Lebesgue spaces and Sobolev spaces
of X-valued functions defined on (a, b) ⊂ R as Lp((a, b), X) and Wmp ((a, b), X) for 1 < p < ∞,
respectively, and their norm are denoted by ‖ · ‖Lp((a,b),X) and ‖ · ‖Wmp ((a,b),X), respectively. For a
Banach space X the X-valued Bessel potential spaces of order 1/2 are defined by
H1/2p (R, X) ={f ∈ Lp(R, X) | ‖f‖H1/2p (R,X) <∞},
‖f‖
H
1/2
p (R,X)
=‖F−1[(1 + |ξ|2)−1/4F [f ]]‖Lp(R,X),
where F and F−1 are the Fourier transform and the Fourier inverse transform given by
F [f ](ξ) =
∫
RN
e−ix·ξf(x) dx, F−1[g](x) =
1
(2π)N
∫
RN
eiξ·xg(ξ) dξ.
For simplicity of notation, in this paper we use the following symbols:
H1,1/2q,p (R, D) =Lp(R,W
1
q (D)) ∩H
1/2
p (R, Lq(D)),
W 2,1q,p (R, D) =Lp(R,W
2
q (D)) ∩W
1
p (R, Lq(D)),
for 1 < p, q <∞ and a domain D ⊂ RN .
For a Banach space X with norm ‖ · ‖X , let Xd = {(f1, . . . , fd) | fi ∈ X (i = 1, . . . , d)}, and
write the norm of Xd as ‖ · ‖X defined by ‖f‖X =
∑d
j=1 ‖fj‖X for f = (f1, . . . , fd) ∈ X
d. We set
(f ,g)D =
∫
D f · g dx and (f ,g)∂D =
∫
∂D f · g ds, where ds denotes the surface element on ∂D. Let
C∞0 be the set of all C
∞ functions with compact support. The letter C denotes a constant and
Ca,b,c,... denotes the constant depending on a, b, c, ..., and the value of C and Ca,b,c,... may change
from line to line.
We now recall the result of the local solvability of problem (1.15) on the time interval (0, T ),
where T ∈ (0,∞). For more details we refer the reader to Watanabe [15, Theorem 2.5].
Theorem 2.1. Let 2 < p < ∞ and N < q < ∞ with 2/p+ 1/q < 1. In addition, let T > 0 and
assume that there exists a positive constant εT depending on T such that if the initial data satisfy
the smallness condition:
‖ρ0+‖B3−2/pq,p (B+R)
+ ‖u0+‖B2(1−1/p)q,p (B+R)
+ ‖u0−‖B2(1−1/p)q,p (B−R )
+ ‖h0‖B3−1/p−1/qq,p (SR) ≤ εT .
Furthermore, suppose that
(a) Assumption 1.1 holds.
(b) The pressure field π+(ρ+) is C
2 function defined on ρ∗+/3 ≤ ρ+ ≤ 3ρ∗+ such that 0 ≤
π′+(ρ+) ≤ π
∗ with some positive constant π∗ for any ρ∗+/3 ≤ ρ+ ≤ 3ρ∗+.
(c) The Helmholtz free energy ψ+(ρ+, |∇ρ+|2) is C2 function defined on (ρ∗+/3, 3ρ∗+)× (0,∞)
such that 0 ≤ ψ′+(ρ+, |∇ρ+|
2) ≤ ψ∗ with some positive constant ψ∗ for any ρ∗+/3 ≤ ψ+ ≤
3ρ∗+.
(d) The initial data (ρ0+,u0+,u0−, h0) ∈ IR satisfies the compatibility conditions:
divu0− = fd(u0−, h0) = divFd(u0−, h0) in B
−
R
and
Π0(µ−D(u0−)ω)|− −Π0(µ+D(u0+)ω)|+ = g(ρ0+,u0+,u0−, h0) on SR,
Π0u0−|− −Π0u0+|+ = h(ρ0+,u0+,u0−, h0) on SR,
〈∇ρ0+, ω〉|+ = 0 on SR,
〈∇ρ0+, ω+〉 = 0, u0+ = 0 on ΓI,
u0− = 0 on ΓII.
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Then there exists a unique solution (ρ+,u+,u−, π−, h) of (1.15) on [0, T ] with (ρ+,u+,u−, π−, h) ∈
Sp,q(0, T ) satisfying the estimate:
Ip,q(ρ+,u+,u−, π−, h, 0; (0, T )) ≤ εT .
Here and in the sequel, for δ ∈ [0,∞) and 0 ≤ a < b ≤ ∞ we set
Ip,q(ρ+,u+,u−, π−, h, δ; (a, b))
:= ‖e−δt∂tρ+‖Lp((a,b),W 1q (B
+
R))
+ ‖e−δtρ+‖Lp((a,b),W 3q (B
+
R))
+ ‖e−δtρ+‖L∞((a,b),B3−2/pq,p (B+R))
+ ‖e−δt∂tu+‖Lp((a,b),Lq(B+R))
+ ‖e−δtu+‖Lp((a,b),W 2q (B
+
R))
+ ‖e−δtu+‖L∞((a,b),B2(1−1/p)q,p (B+R))
+ ‖e−δt∂tu−‖Lp((a,b),Lq(B−R ))
+ ‖e−δtu−‖Lp((a,b),W 2q (B
−
R ))
+ ‖e−δtu−‖L∞((a,b),B2(1−1/p)q,p (B−R ))
+ ‖e−δt∇π−‖Lp((a,b),Lq(B−R ))
+ ‖e−δt∂th‖Lp((a,b),W 2−1/pq (SR)) + ‖e
−δth‖
Lp((a,b),W
3−1/p
q (SR))
+ ‖e−δth‖
L∞((a,b),B
3−1/p−1/q
q,p (SR))
.
3. Exponential stability of solutions to the linearized problem
In this section, we prove the exponential stability of solutions to the following linearized system:
∂tρ+ + ρ∗+divu+ = fρ in B
+
R × (0, T ),
ρ∗−divu− = fd = ρ∗−divFd in B
−
R × (0, T ),
ρ∗+∂tu+ −Div {µ+D(u+) + (ν+ − µ+)divu+I
+(−γ∗+ + ρ∗+κ+∆)ρ+I} = f+ in B
+
R × (0, T ),
ρ∗−∂tu− −Div {µ−D(u−)− π−I} = f− in B
−
R × (0, T ),
∂th−
〈ρ∗−u−, ω〉|− − 〈ρ∗+u+, ω〉|+
ρ∗− − ρ∗+
= d on SR × (0, T ),
Bi(ρ+,u+,u−, π−, h) = Gi on S
i
R × (0, T ),
(ρ+,u+,u−, h)|t=0 = (ρ0+,u0+,u0−, h0) on IR
(3.1)
for i = I, II and T > 0, where fρ, fd, Fd, f±, d, and Gi (i = I, II) are given functions defined on
t ∈ R.
The following is the main theorem of this section.
Theorem 3.1. Let 1 < p, q <∞ with 2/p+1/q 6= 1 and 2/p+1/q 6= 2. Furthermore, let {ϕj}
N+1
j=1
be orthogonal basis of {ψ | Bψ = 0 on SR} ∪ C. Then there exists a constant γ > 0 such that the
following assertion holds: Assume that
(a) Assumption 1.1 holds.
(b) The initial data (ρ0+,u0+,u0−, h0) ∈ IR satisfies the compatibility conditions:
divu0− = fd|t=0 = divFd|t=0 in B
−
R .(3.2)
In addition, we assume that the compatibility conditions:
Π0(µ−D(u0−)ω)|− −Π0(µ+D(u0+)ω)|+ = g|t=0 on SR,
Π0u0−|− −Π0u0+|+ = h|t=0 on SR,
〈∇ρ0+, ω〉|+ = 0 on SR,
〈∇ρ0+, ω+〉 = 0, u0+ = 0 on ΓI,
u0− = 0 on ΓII
(3.3)
hold when 2/p+ 1/q < 1, while we assume that the compatibility conditions:{
〈∇ρ0+, ω+〉 = 0, u0+ = 0 on ΓI,
u0− = 0 on ΓII
(3.4)
hold when 1 < 2/p+ 1/q < 2.
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In addition, let fρ, fd, Fd, f+, f−, d, g, fa, fb, and h be given functions in the right-hand side
of (3.1) with
e−γtfρ ∈ Lp(R,W
1
q (B
+
R)), e
−γtf+ ∈ Lp(R, Lq(B
+
R)), e
−γtf− ∈ Lp(R, Jq(B
−
R )),
e−γtFd ∈ W
1
p (R, Lq(B
−
R )
N ), e−γtfd ∈ Lp(R,W
1
q (B
−
R )
N ) ∩H1/2p (R, Lq(B
−
R )),
e−γtd ∈ Lp(R,W
2−1/q
q (SR)), e
−γt(g, fa, fb) ∈ H
1,1/2
q,p (R, B˙R), e
−γth ∈ W 2,1q,p (R, B˙R),
where B˙R = B
+
R ∪ B
−
R . Then there exists a unique solution (ρ+,u+,u−, π−, h) of (3.1) with
(ρ+,u+,u−, π−, h) ∈ Sp,q(0,∞) satisfying the estimate:
Ip,q(ρ+,u+,u−, π−, h, γ; (0, T )) ≤ C
{
Jp,q(ρ0+,u0+,u0−, h0, fρ, fd,Fd, f+, f−, d,Gi; γ)
+
N+1∑
j=1
(∫ T
0
(eγs|(h(·, s), ϕj)SR |)
p ds
)1/p}
for some positive constant C independent of T . Here and in the sequel, for δ ∈ [0,∞) we set
Jp,q(ρ0+,u0+,u0−, h0, fρ, fd,Fd, f+, f−, d,Gi; δ)
= ‖ρ0+‖B3−2/pq,p (B+R)
+ ‖u0+‖B2(1−1/p)q,p (B+R)
+ ‖u0−‖B2(1−1/p)q,p (B−R )
+ ‖h0‖B3−1/p−1/qq,p (SR)
+ ‖e−δtfρ‖Lp(R,W 1q (B
+
R))
+ ‖e−δtf+‖Lp(R,Lq(B+R))
+ ‖e−δtf−‖Lp(R,Lq(B−R ))
+ ‖e−δtfd‖Lp(R,W 1q (B
−
R ))
+ ‖e−δtfd‖H1/2p (R,Lq(B−R ))
+ ‖e−δt∂tFd‖Lp(R,Lq(B−R ))
+ ‖e−δtd‖
Lp(R,W
2−1/q
q (SR))
+ ‖e−δt(fa, fb)‖Lp(R,Lq(B˙R)) + ‖e
−δt(g, fa, fb,∇h)‖H1/2p (R,Lq(B˙R))
+ ‖e−δt(∇g,∇fa,∇fb, ∂th,∇
2h)‖Lp(R,Lq(B˙R)).
We first consider the solutions ρ+, u±, π−, and h of Eq. (3.1) of the form: ρ+ = ρ1+ + ρ2+,
u± = u1± + u2±, π− = π1− + π2−, and h = h1 + h2, where ρ1+, u1+, u1−, π1−, and h1 satisfy the
shifted equations:
∂tρ1+ + λ1ρ1+ + ρ∗+divu1+ = fρ in B
+
R × (0, T ),
ρ∗−divu1− = fd = ρ∗−divFd in B
−
R × (0, T ),
ρ∗+∂tu1+ + λ1u1+ −Div {µ+D(u1+) + (ν+ − µ+)div u1+I
+(−γ∗+ + ρ∗+κ+∆)ρ1+I} = f+ in B
+
R × (0, T ),
ρ∗−∂tu1− + λ1u1− −Div {µ−D(u1−)− π1−I} = f− in B
−
R × (0, T ),
∂th1 + λ1h1 −
〈ρ∗−u1−, ω〉|− − 〈ρ∗+u1+, ω〉|+
ρ∗− − ρ∗+
= d on SR × (0, T ),
Bi(ρ1+,u1+,u1−, π1−, h1) = Gi on S
i
R × (0, T ),
(ρ1+,u1+,u1−, h1)|t=0 = (ρ0+,u0+,u0−, h0) on IR
(3.5)
for i = I, II and T > 0; while ρ2+, u2+, u2−, π2−, and h2 satisfy the equations
∂tρ2+ + ρ∗+divu2+ = λ1ρ1+ in B
+
R × (0, T ),
ρ∗−divu2− = 0 in B
−
R × (0, T ),
ρ∗+∂tu2+ −Div {µ+D(u2+) + (ν+ − µ+)divu2+I
+(−γ∗+ + ρ∗+κ+∆)ρ2+I} = λ1u+ in B
+
R × (0, T ),
ρ∗−∂tu2− −Div {µ−D(u2−)− π2−I} = λ1u1− in B
−
R × (0, T ),
∂th2 −
〈ρ∗−u2−, ω〉|− − 〈ρ∗+u2+, ω〉|+
ρ∗− − ρ∗+
= λ1h1 on SR × (0, T ),
Bi(ρ2+,u2+,u2−, π2−, h2) = 0 on S
i
R × (0, T ),
(ρ2+,u2+,u2−, h2)|t=0 = (0, 0, 0, 0) on IR
(3.6)
for i = I, II and T > 0. For the shifted equation (3.5), we have the following theorem.
GLOBAL SOLVABILITY OF COMPRESSIBLE-INCOMPRESSIBLE TWO-PHASE FLOWS 11
Theorem 3.2. Let 1 < p, q < ∞ with 2/p + 1/q 6= 1 and 2/p + 1/q 6= 2. Then there exists a
constant γ0 > 0 and λ1 > 0 such that the following assertion holds: Suppose that
(a) Assumption 1.1 holds.
(b) The initial data (ρ0+,u0+,u0−, h0) ∈ IR satisfies the compatibility condition (3.2). In ad-
dition, we assume that the compatibility conditions (3.3) hold when 2/p+1/q < 1, while we
assume that the compatibility conditions (3.4) hold when 1 < 2/p+ 1/q < 2.
In addition, let fρ, fd, Fd, f+, f−, d, g, fa, fb, and h be given functions in the right-hand side
of (3.1) with
e−γtfρ ∈ Lp(R,W
1
q (B
+
R)), e
−γtf+ ∈ Lp(R, Lq(B
+
R)), e
−γtf− ∈ Lp(R, Jq(B
−
R )),
e−γtFd ∈ W
1
p (R, Lq(B
−
R )
N ), e−γtfd ∈ Lp(R,W
1
q (B
−
R )
N ) ∩H1/2p (R, Lq(B
−
R )),
e−γtd ∈ Lp(R,W
2−1/q
q (SR)), e
−γt(g, fa, fb) ∈ H
1,1/2
q,p (R, B˙R), e
−γth ∈ W 2,1q,p (R, B˙R).
Then there exists a unique solution (ρ1+,u1+,u1−, π1−, h1) of (3.1) with (ρ1+,u1+,u1−, π1−, h1) ∈
Sp,q(0,∞) satisfying the estimate:
Ip,q(ρ1+,u1+,u1−, π1−, h1, γ; (0, t)) ≤ CJp,q(ρ0+,u0+,u0−, h0, fρ, fd,Fd, f+, f−, d,Gi; γ)(3.7)
for any t ∈ (0, T ] and γ ≤ γ0 with some positive constant C independent of t and T .
Proof. Using the similar argument as in the proof of the previous paper [15, Theorem 2.5], we see
that there exists a unique solution (ρ1+,u1+,u1−, π1−, h1) satisfying the required estimate. 
To consider Eq. (3.6) in semigroup framework, we have to eliminate the divergence equation and
the pressure term π−. Let Jq(B
−
R ) be the solenoidal space for B
−
R defined by
Jq(B
−
R ) = {f− ∈ Lq(B
−
R )
N | (f−,∇ϕ)B−R
= 0 for any ϕ ∈ Wˆ 1q′,0(B
−
R )},
where we have set
Wˆ 1q′,0(B
−
R ) = {ϕ ∈ Lq,loc(B
−
R ) | ∇ϕ ∈ Lq(B
−
R )
N , ϕ|SR = 0}.
Since C∞0 (B
−
R ) is dense in W
1
q,0(B
−
R ) := {ϕ ∈ W
1
q (B
−
R ) | ϕ|SR = 0}, u− ∈ Jq(B
−
R ) holds if and only
if divu− = 0 in B
−
R . Let ϕ˜ ∈ W
1
q,0(B
−
R ) be a solution to the following variational problem:
(∇ϕ˜,∇ϕ)B−R
= (u1−,∇ϕ)B−R
for any ϕ ∈ Wˆ 1q′,0(B
−
R ).(3.8)
Note that by the Poincare´ inequality we see that ϕ˜ ∈ Wˆ 1q′,0(B
−
R ). In addition, let w− be a function
defined by w− = u1− −∇ϕ˜, and then we see that w− ∈ Jq(B
−
R ). Since B
−
R is a bounded domain,
the weak Dirichlet-Neumann problem is uniquely solvable on Wˆ 1m(B
−
R ) (m = q, q
′) and the following
estimate holds:
‖ϕ˜‖Lq(B−R )
≤ C‖u1−‖Lq(B−R )
.
Hence, we obtain
‖w−‖Lq(B−R )
+ ‖ϕ˜‖Lq(B−R )
≤ C‖u1−‖Lq(B−R )
.(3.9)
Using w− and ϕ˜, which we define above, we rewrite the fourth equation in (3.6) as follows:
ρ∗−∂tu2− −Div {µ−D(u2−)− (π2− + λ1ϕ˜)I} = λ1w− in B
−
R × (0, T ).
In the following, we may assume that u1− satisfy
u1− ∈W
1
p ((0, T ), Jq(B
−
R )) ∩ Lp((0, T ),W
2
q (B
−
R )).(3.10)
We now define a functional
K(u−, h) ∈W
1
q (B
−
R ) + Wˆ
1
q,0(B
−
R )
as a unique solution to the weak Dirichlet-Neumann problem:
(∇K(u−, h),∇ϕ)B−R
= (µ−Div (D(u−))− ρ∗−∇div u−,∇ϕ)B−R
(3.11)
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for any ϕ ∈ Wˆ 1q′,0(B
−
R ) subject to
K(u−, h) = µ−〈D(u−)ω, ω〉 − ρ∗−divu− −
ρ∗−σ
ρ∗− − ρ∗+
Bh on SR.
We then consider the following initial value problem instead of (3.6):
∂tρ2+ + ρ∗+divu2+ = λ1ρ1+ in B
+
R × (0, T ),
ρ∗+∂tu2+ −Div {µ+D(u2+) + (ν+ − µ+)divu2+I
+(−γ∗+ + ρ∗+κ+∆)ρ2+I} = λ1u1+ in B
+
R × (0, T ),
ρ∗−∂tu2− −Div {µ−D(u2−)−K(u2−, h2)I} = λ1u1− in B
−
R × (0, T ),
∂th2 −
〈ρ∗−u2−, ω〉|− − 〈ρ∗+u2+, ω〉|+
ρ∗− − ρ∗+
= λ1h1 on SR × (0, T ),
Bi(ρ2+,u2+,u2−, h2) = 0 on S
i
R × (0, T ),
(ρ2+,u2+,u2−, h2)|t=0 = (0, 0, 0, 0) on IR
(3.12)
for i = I, II and T > 0. Notice that the boundary condition: B1(ρ2+,u2+,u2−,K(u2−, h2), h2) = 0
and B2(ρ2+,u2+,u2−,K(u2−, h2), h2) = 0 are equivalent to
〈{µ−D(u−)−K(u2−, h2)I}ω, ω〉
∣∣∣
−
−
ρ∗−σ
ρ∗− − ρ∗+
Bh = 0,
〈{µ+D(u+) + (ν+ − µ+)div u−I+ (−γ∗+ + ρ∗+κ+∆)ρ+I}ω, ω〉
∣∣∣
+
−
ρ∗+σ
ρ∗− − ρ∗+
Bh = 0,
(3.13)
see Shibata and Shimizu [10, Lemma 2.1] (cf. Solonnikov [13, p.155]).
Defining the function spaces Hq and Dq by
Hq =
{
(ρ2+,u2+,u2−, h2)
∣∣∣∣ ρ2+ ∈W 1q (B+R ), u2+ ∈ Lq(B+R),u2− ∈ Jq(B−R ), h2 ∈ W 2−1/qq (SR)
}
,
Dq =
 (ρ2+,u2+,u2−, h2) ∈ Hq
∣∣∣∣∣∣
ρ2+ ∈W 3q (B
+
R ), u2± ∈W
2
q (B
±
R ),
h2 ∈W
3−1/q
q (SR),
Bi(ρ2+,u2+,u2−, h2)|SiR = 0 for i = 1, 2
 ,
(3.14)
respectively, and the operator Aq(ρ2+,u2+,u2−, h2) by
Aq(ρ2+,u2+,u2−, h2) =

−ρ∗+divu2+
Div {µ+D(u2+) + (ν+ − µ+)divu2+I+ (−γ∗+ + ρ∗+κ+∆)ρ2+I}
Div {µ−D(u2−)−K(u2−, h2)I}
〈ρ∗−u2−, ω〉|− − 〈ρ∗+u2+, ω〉|+
ρ∗− − ρ∗+

for (ρ2+,u2+,u2−, h2) ∈ Dq. According to Watanabe [15, Section 6], we know that the operator
Aq generates a continuous analytic semigroup {T (t)}t≥0 on Hq. We now show the uniqueness of
solution to the homogeneous equation:
(λ −Aq)(ρλ+,uλ+,uλ−, hλ) = (0, 0, 0, 0) in B
+
R ×B
+
R ×B
−
R × SR,(3.15)
which implies the exponential stability of {T (t)}t≥0.
Lemma 3.3. Let 1 < q < ∞. Assume that µ+, ν+, and κ+ satisfy the condition (A6). Let
(ρλ+,uλ+,uλ−, hλ) ∈ Dq satisfy (3.15) with (hλ, ϕj)SR = 0 (j = 1, . . . , N + 1). If λ ∈ C\(−∞, 0),
then (ρλ+,uλ+,uλ−, hλ) = (0, 0, 0, 0).
Proof. We first consider the case where 2 ≤ q < ∞. Since B±R and SR are bounded, we see that
(ρλ+,uλ+,uλ−, hλ) ∈ D2. By the first equation in (3.15), we have that
γ∗+
ρ∗+
λ‖ρλ+‖
2
L2(B
+
R)
+ (γ∗+ρλ+, divuλ+)B+R
= 0,(3.16)
κ+λ‖∇ρλ+‖
2
L2(B
+
R)
+ (ρ∗+κ+∇ρλ+,∇divuλ+)B+R
= 0.(3.17)
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Multiplying the second equation in (3.15) with uλ+, the third equation in (3.15) with uλ−, and the
fourth equation in (3.15) with Bhλ and using the divergence theorem of Gauss, we obtain that
0 = λ
(
ρ∗+‖uλ+‖
2
L2(B
+
R)
+ ρ∗−‖uλ−‖
2
L2(B
+
R)
− (Bhλ, hλ)SR
)
+
µ+
2
‖D(uλ+)‖
2
L2(B
+
R)
+ (ν+ − µ+)‖divuλ+‖
2
L2(B
+
R)
− (γ∗+ρλ+, divuλ+)B+R
+ (ρ∗+κ+∆ρλ+, divuλ+)B+R
+
µ−
2
‖D(uλ−)‖
2
L2(B
−
R )
= λ
(
ρ∗+‖uλ+‖
2
L2(B
+
R)
+ ρ∗−‖uλ−‖
2
L2(B
+
R)
− (Bhλ, hλ)SR
)
+
µ+
2
‖D(uλ+)‖
2
L2(B
+
R)
+ (ν+ − µ+)‖divuλ+‖
2
L2(B
+
R)
− (γ∗+ρλ+, divuλ+)B+R
− (ρ∗+κ+∇ρλ+, divuλ+)B+R
+
µ−
2
‖D(uλ−)‖
2
L2(B
−
R )
,
(3.18)
which, combined with (3.16), we see that
0 = λ
(
γ∗+
ρ∗+
‖ρλ+‖
2
L2(B
+
R)
+ κ+‖∇ρλ+‖
2
L2(B
+
R)
+ ρ∗+‖uλ+‖
2
L2(B
+
R)
+ ρ∗−‖uλ−‖
2
L2(B
+
R)
− (Bhλ, hλ)SR
)
+
µ+
2
‖D(uλ+)‖
2
L2(B
+
R)
+ (ν+ − µ+)‖divuλ+‖
2
L2(B
+
R)
+
µ−
2
‖D(uλ−)‖
2
L2(B
−
R )
.
(3.19)
To treat (Bhλ, hλ), we use the following lemma proved by Shibata [9, Lemma 4.5].
Lemma 3.4. Let W˙ 22 (SR) be the space defined by
W˙ 22 (SR) = {h ∈W
2
2 (SR) | (h, 1)SR = 0, (h, xj)SR = 0 (j = 1, . . . , N)}.
Let {λj}∞j=1 is the set of all eigenvalues of the Laplace-Beltrami operator ∆SR on SR, Ej be the
eigen-space corresponding to λj, and dj = dimEj. Then,
−(Bh, h)SR =
∞∑
i=3
di∑
j=1
|aij |
2
(
− λi −
N − 1
R
)
‖ϕij‖
2
L2(SR)
,
where {ϕij}
dj
j=1 is the orthogonal basis of Ei in L2(SR) and aij = (h, ϕij)SR . In particular, we have
the following estimate:
−(Bh, h)SR ≥ cB‖h‖
2
L2(SR)
provided that we take a positive constant cB such that cB ≤ −λi −R−1(N − 1).
When Imλ 6= 0, taking the imaginary part of (3.19), we obtain
0 =
γ∗+
ρ∗+
‖ρλ+‖
2
L2(B
+
R)
+ κ+‖∇ρλ+‖
2
L2(B
+
R)
+ ρ∗+‖uλ+‖
2
L2(B
+
R)
+ ρ∗−‖uλ−‖
2
L2(B
+
R)
+
∞∑
i=3
di∑
j=1
|aij |
2
(
− λi −
N − 1
R
)
‖ϕij‖
2
L2(SR)
,
which yields (ρλ+,uλ+,uλ−) = (0, 0, 0) and aij = ϕij = 0. Since h is represented by
hλ =
∞∑
i=3
di∑
j=1
aijϕij ,
we have hλ = 0.
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We next consider the case where Reλ > 0. By Lemma 3.4 we have that
0 ≥ λ
(
γ∗+
ρ∗+
‖ρλ+‖
2
L2(B
+
R)
+ κ+‖∇ρλ+‖
2
L2(B
+
R)
+ ρ∗+‖uλ+‖
2
L2(B
+
R)
+ ρ∗−‖uλ−‖
2
L2(B
+
R)
+ cB‖h‖
2
L2(SR)
)
+
µ+
2
‖D(uλ+)‖
2
L2(B
+
R)
+ (ν+ − µ+)‖divuλ+‖
2
L2(B
+
R)
+
µ−
2
‖D(uλ−)‖
2
L2(B
−
R )
≥ λ
(
γ∗+
ρ∗+
‖ρλ+‖
2
L2(B
+
R)
+ κ+‖∇ρλ+‖
2
L2(B
+
R)
+ ρ∗+‖uλ+‖
2
L2(B
+
R)
+ ρ∗−‖uλ−‖
2
L2(B
+
R)
+ cB‖h‖
2
L2(SR)
)
+
(
ν+ −
N − 2
N
µ+
)
‖divuλ+‖
2
L2(B
+
R)
+
µ−
2
‖D(uλ−)‖
2
L2(B
−
R )
(3.20)
because ‖D(uλ+)‖2L2(B+R)
≥ (4/N)‖divuλ+‖2L2(B+R)
. According to Assumption (A6), we have (ρλ+,
uλ+,uλ−, hλ) = (0, 0, 0, 0).
We finally deal with the case: λ = 0. From the first equation in (3.15), we see that divuλ+ = 0.
Then, by the inequality (3.20), we have D(uλ+) = 0 and D(uλ−) = 0. We now consider type I. In
this case, by the Dirichlet boundary condition uλ−|S−R
= 0 we have uλ− = 0 in B
−
R . Furthermore,
from the fourth equation in (3.15) with λ = 0, we have 〈uλ+, ω〉|+ = 0. Hence, the jump condition:
Π0uλ−|− − Π0uλ+|+ = 0 implies uλ+|+ = 0, and then uλ+ = 0 in B
+
R . Notice that the similar
argument enable us to obtain uλ± = 0 in B
±
R for type II. Since uλ− = 0 in B
−
R , from (3.13) we
see that Bh = 0 on SR, which, combined with Lemma 3.4, implies that h = 0 on SR. In addition,
multiplying the second condition in (3.15) with ∇ρλ+ and using the fact that uλ+ = 0 in B
+
R ,
uλ+ = 0, h = 0 on SR, and the divergence theorem of Gauss, we have
0 = −γ∗+(ρλ+,∆ρλ+)B+R
+ ρ∗+κ+‖∆ρλ+‖
2
L2(B
+
R)
= γ∗+‖∇ρλ+‖
2
L2(B
+
R)
+ ρ∗+κ+‖∆ρλ+‖
2
L2(B
+
R)
.
(3.21)
Namely, we obtain ∇ρλ+ = 0, which implies ρλ+ is a constant in B
+
R . However, from the second
condition in (3.13), ρλ+ should be 0 on SR, that is, ρλ+ = 0 in B
+
R . Summing up, we obtain
(ρλ+,uλ+,uλ−, hλ) = (0, 0, 0, 0) when λ = 0.
Finally, we treat the case: 1 < q < 2. Notice that B±R are bounded and the resolvent set of Aq′
includes {λ ∈ R | | argλ| ≤ π − ε, |λ| ≥ c} for any ε ∈ (ε1, π/2) with some c and ε1 depending on
q′, and then from the standard homotopic argument (cf. Enomoto and Shibata [1, Sect. 7]) we see
that there exists (λI−Aq′)−1 on Hq′ for Imλ 6= 0 or for Reλ ≥ 0, because we have already showed
that the uniqueness of solution to (3.15) for 2 ≤ q′ <∞. Hence, the uniqueness of solution to (3.15)
for 1 < q < 2 follows from the invertibility of λI−Aq′ . We then complete the proof. 
By the standard semigroup theory, Lemma 3.3 implies the following proposition (cf. Pazy [2,
Cahpter 4, Theorem 4.3]).
Lemma 3.5. Let 1 < q <∞. Suppose that µ+, ν+, and κ+ satisfy the condition (A6). In addition,
let {T (t)}t≥0 be the analytic semigroup associated with (3.1). Then there exist positive constants C
and γ1 such that
‖T (t)(ρ+,u+,u−, h)‖Hq ≤ Ce
−γ1t‖(ρ+,u+,u−, h)‖Hq
for any t > 0 and (ρ+,u+,u−, h) ∈ Dq provided that (h, ϕj)SR = 0 for (j = 1, . . . , N + 1).
We now prove Theorem 3.1. Set
ρ˜1+ = ρ1+, u˜1± = u1±, h˜1 = h1 +
N+1∑
j=1
(h1(·, t), ϕj)SRϕj ,
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and then (h˜1, ϕj)SR = 0 for j = 1, . . . , N +1, where ϕ1 = |SR|
−1 and ϕi (i = 2, . . . , N +1) are some
linear combinations of x1, . . . , xN such that (ϕi, ϕj)SR = 0 for i, j = 1, . . . , N + 1. We next define
the function ρ˜+, u˜+, u˜−, and h˜ by
(ρ˜+, u˜+, u˜−, h˜)(·, s) =
∫ s
0
T (s− r)(λ1ρ1+(·, r), λ1u1+(·, r), λ1u1−(·, r), λ1h˜1(·, r)) dr
for s ∈ (0, T ). Then, by Duhamel principle, we see that ρ˜+, u˜+, u˜−, and h˜ satisfy the following
equations:

∂tρ2+ + ρ∗+divu2+ = λ1ρ1+ in B
+
R × (0, T ),
ρ∗+∂tu˜+ −Div {µ+D(u˜+) + (ν+ − µ+)div u˜+I
+(−γ∗+ + ρ∗+κ+∆)ρ˜+I} = λ1u1+ in B
+
R × (0, T ),
ρ∗−∂tu˜− −Div {µ−D(u˜−)−K(u˜−, h˜)I} = λ1u1− in B
−
R × (0, T ),
∂th˜−
〈ρ∗−u˜−, ω〉|− − 〈ρ∗+u˜+, ω〉|+
ρ∗− − ρ∗+
= λ1h˜1 on SR × (0, T ),
Bi(ρ˜+, u˜+, u˜−, h˜) = 0 on S
i
R × (0, T ),
(ρ˜+, u˜+, u˜−, h˜)|t=0 = (0, 0, 0, 0) on IR
(3.22)
By Theorem 3.5 and the Ho¨lder inequality, we have
‖(ρ˜+, u˜+, u˜−, h˜)(·, s)‖Hq
≤ C
∫ s
0
e−γ1(s−r)‖(ρ˜1+(·, r), u˜1+(·, r), u˜1−(·, r), h˜1(·, r))‖Hq dr
≤ C(γ1p
′)−1/p
′
(∫ s
0
e−γ1(s−r)p‖(ρ˜1+(·, r), u˜1+(·, r), u˜1−(·, r), h˜1(·, r))‖
p
Hq
dr
)1/p
≤ C(γ1p
′)−1/p
′
(∫ s
0
e−γ1(s−r)p‖(ρ˜1+(·, r), u˜1+(·, r), u˜1−(·, r), h˜1(·, r))‖
p
Hq
dr
)1/p
.
We may assume that 0 < γp < γ1 choosing γ > 0 small if necessary, and then we obtain
∫ t
0
(eγs‖(ρ˜+, u˜+, u˜−, h˜)(·, s)‖Hq )
p ds
≤ C(γ1p
′)−p/p
′
∫ t
0
(∫ s
0
eγspe−γ1(s−r)p‖(ρ˜1+(·, r), u˜1+(·, r), u˜1−(·, r), h˜1(·, r))‖
p
Hq
dr
)
ds
≤ C(γ1p
′)−p/p
′
∫ t
0
(∫ s
0
e−(γ1−γp)(s−r)(eγr‖(ρ˜1+(·, r), u˜1+(·, r), u˜1−(·, r), h˜1(·, r))‖Hq )
p dr
)
ds
≤ C(γ1p
′)−p/p
′
∫ t
0
(eγr‖(ρ˜1+(·, r), u˜1+(·, r), u˜1−(·, r), h˜1(·, r))‖Hq )
p
(∫ t
r
e−(γ1−γp)(s−r) ds
)
dr
≤ C(γ1p
′)−p/p
′
(γ1 − γp)
−1
∫ t
0
(eγr‖(ρ˜1+(·, r), u˜1+(·, r), u˜1−(·, r), h˜1(·, r))‖Hq )
p ds.
Combined with (3.7) we arrive at
‖eγs(ρ˜+, u˜+, u˜−, h˜)(·, s)‖Lp((0,t),Hq)
≤ CJp,q(ρ0+,u0+,u0−, h0, fρ, fd,Fd, f+, f−, d,Gi; γ)
(3.23)
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for t ∈ (0, T ) and i = I, II. Assume that ρ˜3+, u˜3+, u˜3−, and h˜3 satisfy the shifted equations:
∂tρ˜3+ + ρ∗+div u˜3+ = fρ,3 in B
+
R × (0,∞),
div u˜3− = 0 in B
−
R × (0,∞),
ρ∗+∂tu˜3+ + λ1u˜3+ − Div {µ+D(u˜3+) + (ν+ − µ+)div u˜3+I
+(−γ∗+ + ρ∗+κ+∆)ρ˜3+I} = f3,+ in B
+
R × (0,∞),
ρ∗−∂tu˜3− + λ1u˜3− −Div {µ−D(u˜3−)−K(u˜3−, h˜3)I} = f3,− in B
−
R × (0,∞),
∂th˜3 + λ1h˜3 −
〈ρ∗−u˜3−, ω〉|− − 〈ρ∗+u˜3+, ω〉|+
ρ∗− − ρ∗+
= d3 on SR × (0,∞),
Bi(ρ˜3+, u˜3+, u˜3−, h˜3) = 0 on S
i
R × (0,∞),
(ρ˜3+, u˜3+, u˜3−, h˜3)|t=0 = (0,0, 0, 0) on IR
(3.24)
for i = I, II and T > 0, where we have set
fρ,3 =
{
λ1ρ1+ + λ1ρ˜3+ for t ∈ (0, T ),
0 for t /∈ (0, T ),
f±,3 =
{
λ1u1± + λ1u˜3± for t ∈ (0, T ),
0 for t /∈ (0, T ),
d3 =
{
λ1h1 + λ1h˜3 for t ∈ (0, T ),
0 for t /∈ (0, T ).
From (3.7) and (3.23), we have
Ip,q(ρ˜3+, u˜3+, u˜3−,K(u˜3−, h˜3), h˜3; γ, (0, T ))
≤ CJp,q(ρ0+,u0+,u0−, h0, fρ, fd,Fd, f+, f−, d,Gi; γ).
Since ρ˜+, u˜±, and h˜ satisfy (3.22), we see that ρ˜3+ = ρ˜+, u˜3+ = u˜±, and h˜3 = h˜ for t ∈ (0, T ) by
the uniqueness, and then we have
Ip,q(ρ˜+, u˜+, u˜−,K(u˜−, h˜), h˜; γ, (0, T ))
≤ CJp,q(ρ0+,u0+,u0−, h0, fρ, fd,Fd, f+, f−, d,Gi; γ).
(3.25)
Set
ρ2+ = ρ˜+, u2± = u˜±, h2 = h˜+ λ1
N+1∑
j=1
∫ t
0
(h1(·, s), ϕj)SR dsϕj .
Note that
K(u2−, h2) = K(u˜2−, h˜) + λ1
N+1∑
j=1
∫ t
0
(h1(·, s), ϕj)SR dsK(0, ϕj).
We have K(0, ϕj) = 0 for j = 2, . . . , N +1 because Bϕj = 0 on SR for j = 2, . . . , N +1. In addition,
we have K(0, ϕ1) = −σ(N − 1)R−2ϕ1 because ϕ1 = |S1|−1 is constant and Bϕ1 = (N − 1)R−2ϕ1
on SR. Hence, by (3.22) we see that ρ2+, u2±, and h2 satisfy Eq. (3.12). In addition, from (3.7)
and (3.25) we have the estimate
‖eγs∂s(ρ2+,u2+,u2−, h2)‖Lp((0,t),W 1q (B
+
R)×Lq(B
+
R)×Lq(B
−
R )×W
2−1/q
q (SR))
≤ CJp,q(ρ0+,u0+,u0−, h0, fρ, fd,Fd, f+, f−, d,Gi; γ).
(3.26)
To estimate ‖eγs∂s(ρ2+,u2+,u2−, h2)‖Lp((0,t),W 3q (B
+
R)×W
2
q (B
+
R)×W
2
q (B
−
R )×W
3−1/q
q (SR))
we need the fol-
lowing lemma.
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Lemma 3.6. Let 1 < q <∞. Furthermore, let ρ+, u+, u−, and h satisfy the following equations:
ρ∗+divu+ = fρ in B
+
R ,
−Div {µ+D(u+) + (ν+ − µ+)divu+I
+(−γ∗+ + ρ∗+κ+∆)ρ+I} = f+ in B
+
R ,
−Div {µ−D(u−)−K(u−, h)I} = f− in B
−
R ,
−
〈ρ∗−u−, ω〉|− − 〈ρ∗+u+, ω〉|+
ρ∗− − ρ∗+
= d on SR,
Bi(ρ+,u+,u−, h) = 0 on S
i
R,
(3.27)
where (fρ, f+, f−, d) ∈ Hq. Then the following estimate hold:
‖(ρ+,u+,u−, h)‖Dq ≤ C
(
‖(fρ, f+, f−, d)‖Hq +
N+1∑
j=1
|(h, ϕj)SR |
)
with some positive constant C > 0.
Proof. Let ρ4+, u4+, u4−, and h4 be functions such that
ρ4+ = ρ+, u4± = u±, h4 = h+
N+1∑
j=1
(h, ϕj)SRϕj .
Recall that K(0, ϕj) = 0 for j = 2, . . . , N + 1 and K(0, ϕ1) = −σ(N − 1)R
−2ϕ1, that is, Bh4 =
Bh + (h, ϕj)SR(N − 1)R
−2|SR|−1. We then see that ρ4+, u4+, u4−, and h4 satisfy (3.27). From
Lemmas 3.4 and 3.5 we have the estimate ‖(ρ4+,u4+,u4−, h4)‖Dq ≤ C‖(fρ, f+, f−, d)‖Hq , and then
by the estimate:
‖(ρ+,u+,u−, h)‖Dq ≤ ‖(ρ4+,u4+,u4−, h4)‖Dq + C
N+1∑
j=1
|(h, ϕj)SR |
we obtain the required estimate. 
By (3.12) we see that ρ2+, u2±, and h2 satisfy the following elliptic equations:
ρ∗+divu2+ = λ1ρ1+ − ∂tρ2+ in B
+
R ,
−Div {µ+D(u2+) + (ν+ − µ+)divu2+I
+(−γ∗+ + ρ∗+κ+∆)ρ2+I} = λ1u1+ − ρ∗+∂tu2+ in B
+
R ,
−Div {µ−D(u2−)−K(u2−, h2)I} = λ1u1− − ρ∗−∂tu2− in B
−
R ,
−
〈ρ∗−u2−, ω〉|− − 〈ρ∗+u2+, ω〉|+
ρ∗− − ρ∗+
= λ1h1 − ∂th2 on SR,
Bi(ρ2+,u2+,u2−, h2) = 0 on S
i
R,
(ρ2+,u2+,u2−, h2)|t=0 = (0, 0, 0, 0) on IR
for i = I, II. Applying Lemma 3.6 and using (3.7) and (3.26), we have
‖eγsρ2+‖Lp((0,t),W 3q (B
+
R))
+ ‖eγsu2+‖Lp((0,t),W 2q (B
+
R))
+ ‖eγsu2−‖Lp((0,t),W 2q (B
−
R ))
+ ‖eγs∇π2−‖Lp((0,t),W 3q (B
+
R))
+ ‖eγsh2‖Lp((0,t),W 3−1/qq (SR))
≤ C
{
Jp,q(ρ0+,u0+,u0−, h0, fρ, fd,Fd, f+, f−, d,Gi; γ)
+
N+1∑
j=1
(∫ T
0
(eγs|(h2(·, s), ϕj)SR |)
p ds
)1/p}
,
(3.28)
where we have set π2− = K(u2−, h2). Recall that ρ+ = ρ1++ρ2+, u± = u1±+u2±, π− = π1−+π2−,
h = h1+ h2. We then see that (ρ+,u+,u−, π−, h) satisfy (3.1) because (ρ1+,u1+,u1−, π1−, h1) and
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(ρ2+,u2+,u2−, π2−, h2) satisfy Eq. (3.5) and (3.6), respectively. By (3.7) we have
N+1∑
j=1
(∫ T
0
(eγs|(h2(·, s), ϕj)SR |)
p ds
)1/p
≤ CJγp,q +
N+1∑
j=1
(∫ T
0
(eγs|(h(·, s), ϕj)SR |)
p ds
)1/p
,
(3.29)
where we write Jγp,q = Jp,q(ρ0+,u0+,u0−, h0, fρ, fd,Fd, f+, f−, d,Gi; γ) for short. Hence, we have
the required estimate as in Theorem 3.1 from (3.26), (3.28), and (3.29).
4. Global solvability
Finally, we prove Theorem 1.3. To this end, it is enough to show that the inequality
Ip,q(ρ+,u+,u−, π−, h, γ; (0, T )) ≤ C
(
Ip,q +
(
Ip,q(ρ+,u+,u−, π−, h, γ; (0, T ))
)2)
(4.1)
holds, where Ip,q is defined by
Ip,q := ‖ρ0+‖B3−2/pq,p (B+R)
+ ‖u0+‖B2(1−1/p)q,p (B+R)
+ ‖u0−‖B2(1−1/p)q,p (B−R )
+ ‖h0‖B3−1/p−1/qq,p (SR).
Indeed, if we assume that assumptions as in Theorem 2.1 hold, by Theorem 2.1 we know that
there exists a unique solution (ρ+,u+,u−, π−, h) ∈ Sp,q(0, T0) to Eq. (1.15), where T0 is some
positive constant. Then, by using a standard bootstrap argument we can extend T0 to ∞ under
the assumption that the initial data are small. Namely, the inequality (4.1) immediately implies
Theorem 1.3, see also Shibata [9, Section 6] for more details.
Let fρ, fd, Fd, f±, d, g, fa, f b, and h be the suitable extensions defined on t ∈ R of fρ, fd, Fd,
f±, d, g, fa, fb, and h, respectively, see Watanabe [15, Section 7.2] for some details. Set
Gi :=
{
⊤(g, fa, fb,h, 0, 0) for i = I,
⊤(g, fa, fb,h, 0, 0, 0) for i = II.
Furthermore, let (ρ+,u+,u−, π−, h) ∈ Sp,q(0,∞) be a unique solution to the following equations:
∂tρ+ + ρ∗+divu+ = fρ(ρ+,u+, Hh) in B
+
R × (0,∞),
ρ∗−divu− = fd(u−, Hh) = ρ∗−divFd(u−, Hh) in B
−
R × (0,∞),
ρ∗+∂tu+ −Div {µ+D(u+) + (ν+ − µ+)divu+I
+(−γ∗+ + ρ∗+κ+∆)ρ+I} = f+(ρ+,u+, h) in B
+
R × (0,∞),
ρ∗−∂tu− −Div {µ−D(u−)− π−I} = f−(u−, Hh) in B
−
R × (0,∞),
∂th−
〈ρ∗−u−, ω〉|− − 〈ρ∗+u+, ω〉|+
ρ∗− − ρ∗+
= d(ρ+,u+,u−, h) on SR × (0,∞),
Bi(ρ+,u+,u−, π−, h) = Gi(ρ+,u+,u−, Hh) on S
i
R × (0,∞),
(ρ+,u+,u−, h)|t=0 = (ρ0+,u0+,u0−, h0) on IR,
(4.2)
for i = I, II. The uniqueness of the solutions implies that ρ+ = ρ+, u± = u±, π− = π−, and h = h
because the extensions fρ, fd, Fd, f±, d, g, fa, f b, and h coincide with fρ, fd, Fd, f±, d, g, fa, fb,
and h for t ∈ (0, T ), respectively. Hence, from Theorem 3.1 we have
Ip,q(ρ+,u+,u−, π−, h, γ; (0, T )) ≤ C
{
Jp,q(ρ0+,u0+,u0−, h0, fρ, fd,Fd, f+, f−, d,Gi; γ)
+
N+1∑
j=1
(∫ T
0
(eγs|(h(·, s), ϕj)SR |)
p ds
)1/p}
.
(4.3)
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Since we have already known the estimate of nonlinear terms due to Watanabe [15, Section 7.2], we
see that
Jp,q(ρ0+,u0+,u0−, h0, fρ, fd,Fd, f+, f−, d,Gi; γ)
≤ C
(
Ip,q +
(
Ip,q(ρ+,u+,u−, π−, h, γ; (0, T ))
)2)
.
We, therefore, have the estimate
Ip,q(ρ+,u+,u−, π−, h, γ; (0, T )) ≤ C
(
Ip,q +
(
Ip,q(ρ+,u+,u−, π−, h, γ; (0, T ))
)2)
+
N+1∑
j=1
(∫ T
0
(eγs|(h(·, s), ϕj)SR |)
p ds
)1/p
by (4.3). According to Shibata [9, Section 6, (134)], we have
N+1∑
j=1
(∫ T
0
(eγs|(h(·, s), ϕj)SR |)
p ds
)1/p
≤ C sup
0<s<T
‖h(·, t)‖
W
2−1/q
q (SR)
‖h‖Lp((0,T ),Lq(SR))
≤ C
(
Ip,q(ρ+,u+,u−, π−, h, γ; (0, T ))
)2
.
Hence, we obtain (4.1), and then the proof of Theorem 1.3 is completed.
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